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The small slope approximation !SSA" of Voronovich #Sov. Phys. JETP 62, 65–70 !1985"$ is a
promising method for modeling wave scattering from rough surfaces. The SSA T-matrix series,
which can be interpreted as an expansion in a generalized surface slope, satisfies the appropriate
reciprocity condition at each order and reduces to the standard perturbation series for small surface
roughness. When the SSA T matrix is found to second order in generalized slope, it reduces to that
of the Kirchhoff approximation as the frequency is increased. In an earlier paper #E. I. Thorsos and
S. L. Broschat, J. Acoust. Soc. Am. 97, 2082–2093 !1995"$ the derivation of the SSA for surfaces
subject to the Dirichlet boundary condition was examined in detail. In this paper the accuracy of the
SSA for the Dirichlet problem is investigated through comparison with exact results. Expressions
for the first three terms of the SSA incoherent bistatic scattering cross-section series are presented,
followed by numerical results for one-dimensional surfaces with Gaussian statistics and a Gaussian
roughness spectrum. Surfaces with rms slope angles up to 45° are considered. It is found that, for
the numerous cases studied, the SSA results agree well with the exact results over a broad range of
scattering angles. When the lowest-order results are inaccurate, successive addition of each
higher-order term generally yields improvement. The range of scattering angles over which the SSA
results are accurate depends on both the rms slope angle and the surface correlation length, as well
as on the angle of incidence. A simple rule of thumb, however, is that for an incident angle of 45°,
the highest-order SSA scattering cross section examined here is accurate to within !1 dB from
backscatter to a forward grazing angle of 5° for rms slope angles less than about 30°. When the
surface roughness is such that perturbation theory is accurate, the SSA is accurate over the full range
of scattering angles for small to moderate slopes. © 1997 Acoustical Society of America.
#S0001-4966!97"06405-9$

PACS numbers: 43.30.Hw, 43.20.Fn #JHM$

INTRODUCTION

In the past two decades much research has been done on
wave scattering from rough surfaces. A major objective has
been to devise an analytic model for bistatic scattering that is
accurate when the small perturbation method and Kirchhoff
approximation apply but, in addition, is accurate in regions
where they do not apply. One of the more promising of the
new methods is the small slope approximation !SSA", which
was introduced by Voronovich in the mid-1980s !1985,
1986".

In Part I of this two-part series !Thorsos and Broschat,
1995", we presented a derivation of the SSA for the Dirichlet
problem and discussed in detail the assumptions made. The
SSA takes the form of a systematic expansion that can be
interpreted as a series in a generalized surface slope !hence-
forth, referred to simply as slope", as discussed later. The
series is manifestly reciprocal at each order, and reduction to
standard perturbation theory is inherent in the derivation.
The first three terms in the small slope series T matrix—
T0 , T1 , and T2—are derived in Part I.

Several numerical studies of the small slope approxima-

tion for rough surface scattering are available in the litera-
ture. Berman !1991" has compared Monte Carlo SSA results
for bistatic scattering with exact results for both the Dirichlet
and fluid–solid boundaries for one-dimensional !1-D" sur-
faces satisfying a Pierson–Moskowitz power-law spectrum
!Dirichlet boundary" or a modified power-law spectrum
!fluid–solid boundary". Broschat !1993" has compared for-
mally averaged !theoretical" results for the reflection coeffi-
cient with exact results for a Pierson–Moskowitz power-law
spectrum. These initial comparisons with exact calculations
give encouraging support for the accuracy of the SSA. In
addition, Yang and Broschat !1992, 1994" have presented
results for 2-D surface, bistatic scattering for the Dirichlet
problem for a Gaussian spectrum as well as 1-D surface re-
sults for acoustic scattering from a fluid–elastic-solid inter-
face for both Gaussian and modified power-law spectra.

In this paper we investigate the validity of the SSA for
scalar-wave scattering from 1-D, randomly rough surfaces
satisfying the Dirichlet boundary condition and having
Gaussian statistics and a Gaussian roughness spectrum. We
consider the first three terms of the SSA series for the bistatic
scattering cross section, %, and compare SSA results for the
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formally averaged bistatic scattering strength ("10 log10 %)
with exact Monte Carlo integral equation results. As dis-
cussed in Sec. I, these terms in the SSA series are second,
third, and fourth order in slope, respectively.

Surfaces characterized by a Gaussian spectrum are
single-scale surfaces, and the surface correlation length de-
termines this scale. The correlation length can be varied to
yield, at one extreme, surfaces with only small-scale rough-
ness and, at the other, surfaces with only large-scale rough-
ness. Thus, use of the Gaussian spectrum over the full range
of correlation lengths and bistatic scattering angles provides
a useful test of the SSA for varying length scales of rough-
ness. A detailed study of low grazing angle scattering with
application to power-law-type spectra will be presented in
the future. Preliminary results have been reported for the
lowest-order SSA cross section using a Pierson–Moskowitz
power-law spectrum, and these are encouraging !Broschat
and Thorsos, 1995".

In this numerical study we consider several aspects of
the SSA for an incident angle of 45°, unless otherwise noted.
First we examine the SSA for surfaces with a modest rms
slope angle of 10°. The SSA is generally very accurate for
these cases, although as the surface correlation length is in-
creased, scattering is underpredicted at low grazing angles of
scatter in the back direction and the SSA cross section be-
comes a little high at forward grazing angles less than about
5°. The underprediction at low grazing angles depends on the
surface roughness parameters used and may extend up to
10°, 20°, or even 30°.

Next we compare the SSA with perturbation theory for
surfaces with small roughness. The lowest-order term in the
series for the SSA scattering cross section is generally accu-
rate when lowest-order perturbation theory is accurate. There
is an important difference in the manner in which the two
approximations become inaccurate. For moderate slopes, the
lowest-order SSA remains accurate near the specular direc-
tion for all kh !where k is the wave number and h is the rms
surface height". However, for kh#1 the lowest-order pertur-
bation result becomes inaccurate over the entire angular
range. Addition of both third- and fourth-order terms in the
SSA cross-section series yields accurate results in and sig-
nificantly beyond the region where higher-order perturbation
theory is accurate !Thorsos and Jackson, 1989". Only beyond
the perturbation theory regime do the results become low in
the back direction and high at forward grazing angles less
than 5° as the correlation length is increased.

Comparison of the SSA and perturbation theory is fol-
lowed by comparison of the small slope and Kirchhoff ap-
proximations. In the Kirchhoff regime, the SSA and Kirch-
hoff approximation results agree well over a broad range of
scattering angles. For scattering angles in the backward di-
rection the lowest-order SSA prediction is lower than the
Kirchhoff prediction when the Kirchhoff approximation is
accurate. #For the Gaussian spectrum, the Kirchhoff approxi-
mation becomes inaccurate at grazing angles less than about
twice the rms slope angle. See Thorsos !1988" for further
discussion.$ Successive addition of third- and fourth-order
terms improves the result, but the SSA prediction is still
slightly low. In the forward direction the lowest-order SSA is

very accurate at all but the lowest grazing angles ($5°) for
moderate surface slopes, unlike the Kirchhoff approximation
whose results are typically high over a considerably larger
grazing angle region.

As noted in Part I, the sum of the first two terms in the
SSA T-matrix series reduces to the Kirchhoff approximation
T matrix as the frequency is increased. When the corre-
sponding terms in the SSA cross-section series are retained,
reduction to the Kirchhoff cross section occurs as the fre-
quency is increased. We find, however, that this reduction,
first to the Kirchhoff approximation result and then to the
geometrical optics result, occurs very slowly with increasing
frequency for forward-scattering angles near grazing. Com-
parison with exact calculations shows that the SSA is accu-
rate in this region, except at angles less than about 5° graz-
ing, for rms surface heights at least up to one-and-a-half
wavelengths.

In addition to the studies above, we investigate the ac-
curacy of the fourth-order SSA for kh fixed and kl increas-
ing !decreasing slope" and for kl fixed and kh increasing
!increasing slope", where l is the surface correlation length.
In general, we find that the fourth-order SSA and exact re-
sults agree well over a broad range of scattering angles for
rms slope angles less than about 30°. In particular, we find
that the results become low in the back direction as kl is
increased; however, for increasing kh they remain remark-
ably accurate as the surface slope approaches 1, that is, as the
surface slope angle approaches 45°, except at scattering
angles near grazing where they become high.

For most of the cases examined the angle of incidence is
45°; however, for two cases we also consider incident angles
of 0° and 80°. The first case uses a moderate correlation
length, and the fourth-order SSA results are excellent for
both incident angles. The second case uses a longer correla-
tion length, and the range of angles over which the fourth-
order SSA is accurate becomes smaller as the incident angle
is increased.

In Sec. I the terminology used for the SSA slope orders
is described, and expressions for the first three terms of the
SSA bistatic scattering cross-section series are given. Nu-
merical results are presented in Sec. II.

I. BISTATIC SCATTERING CROSS SECTIONS

Since our numerical studies are for 1-D surfaces !the
2-D scattering problem", we restrict our derivation to this
case; however, extension to 2-D surfaces is straightforward.
Our scattering geometry is shown in Fig. 1 with the rough
surface denoted by z" f (x). The incident field is a scalar

FIG. 1. Scattering geometry.
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plane wave exp#iki–r$ with r"(x ,z) and ki"(kix ,kiz)
"(kix ,%& iz), where & iz"#k2%kix

2 $1/2#0 and k"'/c is the
radiation wave number. The small slope series for the T ma-
trix is written as T"T0&T1&T2&••• . The first two terms
of this expansion are given by

T0!ksx ,kix""%
2& iz

(z

1
2) ! dx exp# iv–r$"z" f !x " , !1"

T1!ksx ,kix""
i& iz

(z

1
2) ! dx exp# iv–r$"z" f !x "

'! dK1 exp# iK1x$F!K1"

'#k*1&i&k*s%1%(z$ , !2"

where v"ki%ks"((x,%(z) so that (x"kix%ksx and (z
"& iz&ksz , k*1&i"#k2%(K1&kix)2$1/2 with Im#*1&i$#0,
k*s%1"#k2%(ksx%K1)2$1/2 with Im#*s%1$#0, and F(K) is
the Fourier transform of f (x). Equations !1" and !2" as well
as the expression for the third term of the series, T2 , are
derived in Part I. In general, the Tn term in the T-matrix
series includes n factors of F(K); in addition, the surface
profile f (x) enters into each term via the factor exp#i„(xx
% (z f (x)…]. As discussed by Voronovich !1985" and in Part
I, it can be shown that T0 is first order in slope, T1 is second
order in slope, and so on. Actually, when we refer to a term
as nth order in slope, we mean nth order in generalized
slope. The term generalized slope is used because, as de-
scribed in Part I, the integrand of the x integral in Tn
(n#0) can be expressed in a coordinate space series as a
product of exp#iv–r$ and a series beginning with the term
# f !(x)$n&1 followed by terms in higher powers of f !(x) as
well as by terms involving higher derivatives of f (x). For
n"0 the coordinate space series begins at # f !(x)$0 and in-
cludes all contributions of order f !(x), f "(x), f+(x),. . . . For
simplicity, we refer to Tn as order n&1 in slope. The entire
dependence of Tn on ksx occurs in the factor exp#iv–r$ in this
coordinate space series.

In terms of the T matrix, the bistatic scattering cross
section for scattering from 1-D surfaces is given by !see
Appendix A in Berman, 1991, and Appendix B in Thorsos
and Jackson, 1989"

%,!kix%kix! ""
ksz
2

k %#-T!ksx ,kix"T!ksx ,kix! "*.

%-T!ksx ,kix".-T!ksx ,kix! ".*$ , !3"

where the angle brackets denote an ensemble average, and
the asterisk denotes the complex conjugate. The right-hand
side of !3" is proportional to ,(kix%kix! ) which is a result of
the assumed translational invariance of the surface statistics.
Using the T-matrix series, T"T0&T1&T2&••• , in !3" then
gives the scattering cross-section series, %"%00&%01&%11
&••• , where

%00,!kix%kix! ""
ksz
2

k #-T0!ksx ,kix"T0!ksx ,kix! "*.

%-T0!ksx ,kix".-T0!ksx ,kix! ".*$ , !4"

%01,!kix%kix! ""
ksz
2

k 2 Re#-T0!ksx ,kix"T1!ksx ,kix! "*.

%-T0!ksx ,kix".-T1!ksx ,kix! ".*$ , !5"

%11,!kix%kix! ""
ksz
2

k #-T1!ksx ,kix"T1!ksx ,kix! "*.

%-T1!ksx ,kix".-T1!ksx ,kix! ".*$ . !6"

Since T0 is first order in slope, it follows that %00 is second
order in slope. Similarly, %01 and %11 are third and fourth
order in slope, respectively. Thus we write the second-,
third-, and fourth-order cross sections as

%!2 ""%00 , !7"

%!3 ""%!2 "&%01 , !8"

%!4 ""%!3 "&%11 . !9"

Note that !9" does not give the complete fourth-order cross
section since it is missing the %02 term associated with T0
and T2 ; this omission will be discussed later. For simplicity,
in this paper we will refer to !9" as the fourth-order cross
section.

Evaluation of the formal averages in !4"–!6" is carried
out in a way similar to that used for perturbation theory !e.g.,
Appendix B in Thorsos and Jackson, 1989". However, the
moment evaluations are more complicated because, in addi-
tion to the factors of F(K), the random variable f (x) in the
argument of the exponential function exp#iv–r$"z" f (x) must
be considered. The first moments of T0 and T1 are

-T0!ksx ,kix"."%
2& iz

(z

1
2) ! dx exp# i(xx$

'-exp#%i(z f !x "$.

"%exp#%/2/2$,!ksx%kix", !10"

-T1!ksx ,kix"."
i& iz

(z

1
!2)"2 ! dx exp# i(xx$

'! dK1 exp# iK1x$#k*1&i&k*s%1

%(z$! dx! exp#%iK1x!$

'-exp#%ivz f !x "$ f !x!".

"& iz exp#%/2/2$,!ksx%kix"

'! dK1 W!K1"g!K1", !11"

where

/"(zh ,

g!K1""k*1&i&k*s%1%(z

#note that g(K1) can be complex$, and W(K1) is the surface
roughness spectrum given by
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W!K1""
1
2) ! dx exp#%iK1x$- f !x0" f !x&x0"..

To obtain !11", F(K) in !2" is expressed as the Fourier trans-
form of f (x), giving a moment of the form -exp#i01X1$X2.,
where X1 and X2 are zero-mean Gaussian random variables.
This moment is found by use of the identity

-ei01X1X2."%i
1-ei01X1ei02X2.

102
#

02"0.
!12"

The partial derivative in !12" is readily evaluated using
!Parzen, 1962"

-ei01X1ei02X2."exp#%!1/2"!01
2-X1

2.&20102-X1X2.

&02
2-X2

2."$ . !13"

The second moments are obtained similarly as described
shortly. When evaluating the right-hand sides of !4"–!6", the
result for each contains a factor of ,(kix%kix! ), which then
cancels out to give the cross section terms. The integral in
!1" is identical to that of the Kirchhoff approximation !Ishi-
maru, 1978". Thus, the result of performing the formal aver-
ages in !4" differs from that of the Kirchhoff approximation
by a coefficient only, and the second-order SSA cross section
is given by

%!2 ""
2ksz

2 & iz
2

)k(z
2 exp#%/2$! dx exp# i(xx$BC!x ", !14"

where

BC!x ""exp#/2C!x "$%1 ,

where C(x) is the surface correlation function normalized so
that C(0)"1 and is given by

C!x "h2"- f !x0" f !x&x0"."! dK W!K " exp# iKx$ .

The relationship between the second-order SSA and Kirch-
hoff approximation cross sections is given by

%!2 ""%KA /g2, !15"

where

g"
& iz(z%kix(x
2ksz& iz

. !16"

In the specular direction g"1, and !14" reduces to the Kirch-
hoff approximation cross section.

The terms -T0T1*. and -T1T1*. in !5" and !6" contain
ensemble averages of the type -ei01X1ei02X2X3. and
-ei01X1ei02X2X3X4. where X1 through X4 are zero-mean
Gaussian random variables. The latter average can be found
using

-ei01X1ei02X2X3X4.

"%
12-ei01X1ei02X2ei03X3ei04X4.

103104
#

03"04"0
!17"

and the former average using a similar relationship. The par-
tial derivative is readily evaluated using !Parzen, 1962"

-ei01X1ei02X2ei03X3ei04X4.

"exp$%% 12 &2j 2
k

0 j0kK jk' , !18"

where Kjk"-X jXk.. The final results after some lengthy but
straightforward manipulations are given by

%01!ksx ,kix""
2ksz

2 & iz
2

)k(z
exp#%/2$

'Re( %J*! dx exp# i(xx$BC!x "

&! dx I!x "! dK exp# iKx$W!K "

'g*!K ") , !19"

%11!ksx ,kix""
ksz
2 & iz

2

2)k exp#%/2$

'("J"2! dx exp# i(xx$BC!x "

&! dx I!x "! dK exp# iKx$W!K "

'( 1(z2 "g!K ""2%2 Re#Jg*!K "$&g!K "

'! dK! exp# iK!x$W!K!"g*!K!") ),
!20"

where

I!x ""exp# i(xx$exp#/2C!x "$ ,

J"! dK W!K "g!K ".

Since v and g(K) are both reciprocal, it follows that % (2),
%01 , and %11 given by !14", !19", and !20", respectively, all
satisfy the reciprocity condition, that is, exchanging kix and
ksx with %ksx and %kix results in identical expressions for
the cross-section terms. For the angle convention of Fig. 1
the reciprocity condition implies that the cross-section terms
are unchanged when 3 i and 3s are replaced by %3s and
%3 i . In addition, because of the assumed translational in-
variance of the surface statistics, moments remain the same
when f (x) is replaced by f (%x) for each surface in the
surface ensemble. It follows that the cross section terms are
unchanged when 3 i and 3s are replaced by %3 i and %3s .
This combined with the reciprocity condition implies that the
cross-section terms do not change when 3 i and 3s are re-
placed by 3s and 3 i .

As discussed in Part I !Sec. II" and earlier by Voronov-
ich !1985", T0&T1 reduces to the Kirchhoff approximation
T matrix for large k . It is straightforward to show the corre-
sponding result for the cross section, that is, % (4) given by
!9" reduces to %KA , the Kirchhoff approximation cross sec-
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tion, for large k . Thus, in the high-frequency limit as
k→4 , % (4)→%GO , the geometrical optics result.

As mentioned earlier in this section, the fourth-order
SSA cross section given by !9" is missing the %02 term and,
thus, does not contain all possible fourth-order components.
This is not consistent with the second- and third-order ex-
pressions given by !7" and !8" since they contain all second-
and third-order components, respectively. There are several
reasons for including %11 and not %02 in !9". As stated in the
previous paragraph, % (4) given by !9" reduces to the Kirch-
hoff approximation cross section for large k . This is strong
motivation for including %11 . Excluding the %02 term is mo-
tivated by the need to balance numerical accuracy and nu-
merical complexity. From !14", !19", and !20", it can be seen
that evaluating %00 involves a single integral, while %01 and
%11 involve double integrals. Evaluation of the %02 term, not
presented here, involves triple integrals. Thus, inclusion of
%02 would generally be considered less practical for most
applications. Since %02 and %11 are of the same order of
slope, they may in fact be of comparable size. However,
comparisons with integral equation results show % (4), with-
out %02 , to be an improvement over % (3). This improvement
is sufficient justification for keeping only part of the fourth-
order slope contribution to the SSA cross section series.

In standard perturbation theory !PT" a cross-section se-
ries in even powers of kh is obtained. The lowest-order term
is denoted %PT

11 or PT!2" and is of order (kh)2. #The notation
follows that of Thorsos and Jackson !1989" with the sub-
script PT added to distinguish between perturbation theory
and the SSA. The superscript 11 indicates the absolute
square of the first-order scattered field.$ The next order in the
perturbation cross-section series is %PT

22&%PT
13 , where %PT

13 is
the contribution from the product of the first- and third-order
scattered fields, or equivalently, from the product of the first-
and third-order T matrices. Both %PT

22 and %PT
13 are of order

(kh)4. For the SSA, as discussed in Part I, the small height
expansion of TSSA"T0&•••&Tn agrees exactly with standard
perturbation theory to order (kh)n&1. This implies that when
% (2) is expanded in powers of kh , the lowest-order term is
exactly %PT

11 , and additional terms are of higher even powers
in kh . Among these terms are reciprocal approximations to
%PT
22 and %PT

13 . When % (3) is expanded in a perturbation series,
these approximations are improved. Finally, in the perturba-
tion expansion of % (4), both %PT

11 and %PT
22 are obtained ex-

actly. To obtain %PT
13 exactly, it would be necessary to extend

the TSSA series through T2 in order to include %02 in % (4).
The perturbation expansion of % (4) would then yield the
standard perturbation theory result to order (kh)4.

II. NUMERICAL RESULTS

In this section, the accuracy of the second-, third-, and
fourth-order SSA bistatic scattering cross sections—% (2),
% (3), and % (4)—is examined by comparison with Monte
Carlo integral equation calculations !Thorsos, 1988". Nu-
merical results are presented for the scattering strength
("10 log10 %) and are restricted to scalar wave scattering
from 1-D Dirichlet surfaces satisfying the Gaussian rough-
ness spectrum as given by

W!K ""
h2l

!2!)"
e%K2l2/4,

where h is the rms surface height and l is the surface corre-
lation length. For each example we calculate the scattering
strength over the complete 180° range of scattering angles
for a particular incident angle. When the SSA results agree
with exact results to within 1 dB, we consider them to be
accurate. However, we limit our investigation to scattering
strengths greater than %80 dB.

A. Accuracy of the SSA for modest surface slopes

We begin by examining two cases with rms surface
slope angles of 10°. Figure 2 shows the SSA and exact re-
sults when the surface roughness parameters kh and kl are
0.5 and 4.0, respectively, the incident angle 3 i is 45°, the rms
slope s is 0.177 !s"!2h/l for Gaussian surfaces", and the
rms slope angle 5 is tan%1 s"10°. The peak in the specular
direction of the integral equation result is due to the coherent
component of the total cross section and represents specular
reflection, which has not been included in the approximate
methods. The specular peak can be subtracted out easily, but
will be included for most of the cases presented as a quali-
titative indication of the size of the coherent component.
Fluctuations in the integral equation results are due to the
finite number of surface realizations used in the ensemble
average. Here, 50 realizations have been used. As more sur-
face realizations are added, the fluctuations decrease in mag-
nitude; in the limit of an infinite number of realizations, the
curve would be smooth. For details on the integral equation
technique, see Thorsos !1988". From Fig. 2 we see that the
second-order SSA #SSA!2"$ is accurate in the forward direc-
tion (0°$3s690°), but it is not accurate in the back direc-
tion (%90°63s$0°). The third-order result shows marked
improvement, and the fourth-order SSA #SSA!4"$ is accurate
everywhere.

In Fig. 3 kh and kl have both been increased by a factor
of three to 1.5 and 12.0, respectively, yielding a smoother
surface. The coherent component at 3s"45° is reduced to
nearly the incoherent level because of the greater surface
height, and the scattering level in the back direction is re-

FIG. 2. Comparison of the second-order #SSA!2"$, third-order #SSA!3"$, and
fourth-order #SSA!4"$ small slope approximation and Monte Carlo integral
equation !IE" scattering strengths ("10 log10 %) for a modest rms surface
slope angle. Here kh"0.5, kl"4.0, where k is the wave number, h is the
rms surface height, and l is the correlation length, the rms slope angle 5 is
10°, and the incident angle 3 i is 45°.
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duced because of the increased correlation length. Once
again the SSA!2" underpredicts scattering in the back direc-
tion, and the third- and fourth-order results show successive
improvement. In addition, while not visible in Fig. 3, at very
low forward grazing angles ($5°) all three orders of the
SSA overpredict the scattering strength by slightly more than
1 dB. This behavior is discussed in Sec. II G.

The examples presented in Figs. 2 and 3 illustrate a
couple of general points. First, except when the rms slope
angle becomes large (5#30°), extending the cross-section
series to higher orders increases the region of accuracy to
scattering angles further from the specular direction. Second,
even the SSA!2" is accurate in the forward-scattering region
for modest rms surface slopes except at grazing angles below
5°. !Initial numerical results show that this underprediction
of scattering levels in the back direction for smooth surfaces
with a Gaussian spectrum does not extend to surfaces with
power-law roughness spectra since these surfaces usually
contain sufficient small-scale roughness to be rough on the
scale of a wavelength. These results will be presented in a
future paper."

B. Comparison with perturbation theory

The series for the scattering cross section obtained from
perturbation theory is in even orders of kh , beginning at
(kh)2. Therefore, the lowest-order perturbation cross section
is second order in kh !commonly referred to as the ‘‘first-
order’’ perturbation result since the scattered field is found to
first order in kh" and the next order is fourth order in kh . By
construction, the SSA!2" cross section must reduce to that of
lowest-order perturbation theory #PT!2"$ in the limit as kh
becomes small. #Note that reference to orders of the SSA is
to orders in surface slope; whereas for perturbation theory
orders refer to orders in kh . The PT!2" cross section is of
order (kh)2.$ In Fig. 4 we examine a case when PT!2" is
accurate and where the Kirchhoff approximation does not
apply. The surface roughness parameters kh and kl are 0.1
and 1.4, respectively, the incident angle 3 i is 45°, and the

rms slope angle 5 is 5.8°. For this case, we see that the SSA
results for the first three orders are the same as the PT!2"
result.

A large number of cases were examined to determine the
accuracy of the SSA!2" cross section. The accuracy of the
SSA!2" results generally extends beyond the region when
PT!2" is accurate, but as with perturbation theory, degrada-
tion occurs as the correlation length is increased. There is an
important difference between the manners in which PT!2"
and the SSA!2" become inaccurate for increasing kh . In the
region of kh-kl parameter space with moderate slopes !5
less than 720°", the SSA!2" remains accurate near the
specular direction for all kh . In contrast, PT!2" becomes in-
accurate over the entire angular range for kh#1.

We have examined a number of different cases outside
the region of validity of PT!2" for which fourth-order PT
#PT!4""PT!2"&%PT

22&%PT
13 $ is accurate. For the case shown in

Fig. 5 with kh"0.67, kl"2.83, 3 i"45°, and 5"18.4°, the
SSA!4" cross section is accurate over all scattering angles. In
fact, it is more accurate than the PT!4" result which barely
meets the !1-dB criterion for accuracy over a broad range
of angles.

Finally, we have examined several cases beyond the re-
gion of validity of PT!4", where both PT!4" and the Kirch-
hoff approximation have limited applicability. For example,
in Fig. 6 kh"1, kl"4.3, and 5"18.2°. Since kh"1, per-
turbation theory is not expected to do well; in fact, the drop-
out in the PT!4" curve occurs because the cross section be-
comes negative. The Kirchhoff approximation is better, but
for this case, the SSA!4" is clearly the best. It is accurate
over almost the entire range of scattering angles.

C. Comparison with the Kirchhoff approximation

The Kirchhoff approximation !KA" is accurate away
from low grazing angles for rough surfaces smooth on the
scale of a wavelength, assuming small surface slopes. For a
Gaussian roughness spectrum, the KA is accurate over a
broad range of scattering angles when kl#6, that is when
l/8#1 !Thorsos, 1988". In this section we consider the SSA
and KA for several examples with kl#6.

FIG. 3. Comparison of the SSA!2", SSA!3", SSA!4", Kirchhoff approxima-
tion !KA", and IE scattering strengths. The rms height and correlation length
of Fig. 2 have been increased threefold to kh"1.5 and kl"12.0, and 5
"10° and 3 i"45°.

FIG. 4. Comparison of the SSA!2", SSA!3", SSA!4", lowest-order perturba-
tion theory #PT!2"$, and IE scattering strengths for a case when PT!2" is
accurate. The SSA and PT!2" results are coincident. Here kh"0.1, kl
"1.4, 5"5.8°, and 3 i"45°.
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In Fig. 3 !kh"1.5, kl"12, 3 i"45°, and 5"10°" the
KA is accurate away from low grazing angles, while pertur-
bation theory does not apply. The SSA!2" result reduces to
the KA result in the specular region; the third- and fourth-
order results do as well. In the backscatter region the KA is
more accurate than the SSA. On the other hand, the KA
overpredicts the scattering strength in the forward direction
at low grazing angles. In contrast, the SSA scattering
strength, even for the lowest order, is remarkably good in
this same region, although as explained later the SSA results

are somewhat high at the lowest forward grazing angles.
The SSA!4" cross section reduces to the KA cross sec-

tion as the frequency is increased !Voronovich, 1985; Thor-
sos and Broschat, 1995", which suggests that the SSA may
become significantly inaccurate at low grazing angles for
high frequencies. To study the reduction of the SSA!4" to the
KA, we considered several cases with fixed surface slope
angle and increased the frequency, that is, we increased both
kh and kl so that the surface slope angle remained constant.
We then compared the SSA and KA results and found that
the reduction occurs quickly in the specular region and much
more slowly away from this region, especially near grazing.
In fact, as will be seen shortly, the SSA remains quite good
at low grazing angles as the frequency is increased.

In the high-frequency limit (k→4) both the SSA!4" and
KA cross sections reduce to the geometrical optics !GO" ex-
pression

%GO!3s ,3 i""
!1&cos 3 i cos 3s%sin 3 i sin 3s"

2

!cos 3 i&cos 3s"
3

'exp( %
!sin 3 i%sin 3s"

2l2

4!cos 3 i&cos 3s"
2h2) .

In Fig. 7, we show a case for l/h"5, an rms slope angle 5 of
15.8°, and an angle of incidence 3 i of 45°. As we increase
both kh and kl , the SSA!4" scattering strength approaches
the GO result. This reduction is nonuniform in scattering
angle: Over a large range of scattering angles reduction oc-
curs quickly; however, at grazing angles less than about 10°
the reduction is quite slow. In the backscatter region, the
SSA!4" curves lie close to the KA curves !not shown" for
each case, except for 3s$%80° as in Fig. 3, as both con-
verge to the GO limit. In contrast, for 3s#70°, the KA scat-
tering strengths all reduce to the GO limit, while the SSA!4"
results converge very slowly to this limit. In Fig. 8 we com-
pare the SSA!4" prediction with the GO and shadowed GO
results !Wagner, 1967" in the forward-scattering region for
the highest-frequency case in Fig. 7. We also show the inte-
gral equation scattering strength. The two GO approxima-
tions differ significantly only for scattering angles greater

FIG. 5. Comparison of the !a" SSA!4" and fourth-order perturbation theory
#PT!4"$ and !b" PT!2" and KA scattering strengths with the IE results for a
case when neither PT!2" nor the KA is accurate. Here kh"0.67, kl
"2.83, 5"18.5°, and 3 i"45°.

FIG. 6. Comparison of the SSA!4", KA, and PT!4" scattering strengths with
the IE results for a case when neither PT!4" nor the KA is accurate. Here
kh"1.0, kl"4.3, 5"18.2°, and 3 i"45°.

FIG. 7. Reduction of the SSA!4" result to the geometrical optics result !GO"
as kh and kl are increased for a fixed rms slope angle 5"15.8° and an
incident angle of 45°. The SSA!4" scattering strength reduces analytically to
the GO result in the high-frequency limit, but the reduction is nonuniform in
scattering angle and, at low grazing angles, is very slow.
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than approximately 70°. We see in Fig. 8 that the SSA!4" is
quite good in this region; in fact, it is superior to both the
unshadowed and shadowed GO approximations. Even the
SSA!2" cross section gives results superior to those of the
Kirchhoff or GO approximations, while it is as readily cal-
culated as the KA cross section.

To explore the relationship between the surface slope
and the accuracy of the SSA, we focus on the effects of
changing kh for a fixed kl and kl for a fixed kh , that is,
increasing and decreasing the rms surface slope, respec-
tively, in Secs. II D and II E. Then in Sec. II F we consider
angles of incidence other than 45°. Finally, in Sec. II G we
return to the behavior of the SSA at low forward grazing
angles when the correlation length is increased.

D. Increasing the rms surface height for a fixed
correlation length

The SSA is not restricted to small surface roughness
and, as shown previously, can be accurate over a broad range
of scattering angles for moderate surface slopes. As ex-
plained in Sec. I, the terms of the T-matrix series depend on
more than just simple surface slope. However, we might still
expect a relationship between the accuracy of the SSA and
rms surface slope values. In fact, when we increase the rms
slope for a fixed correlation length by increasing the rms
surface height, the SSA!4" results become visibly high in the
forward-scattering direction. In Fig. 9!a" and !b" we have
chosen kl to be 2.83 and have used a kh of 1.33 and 2.0,
respectively. Figures 5, 9!a", and 9!b" correspond to increas-
ing rms slope angles from 18.5° to 45° for a fixed kl . The
incident angle is 45°. When kh"1.33 and 5"33.7° #Fig.
9!a"$, the accuracy of the SSA!4" scattering strength starts to
degrade at low forward grazing angles where the result is too
high !the error extends up to about 1.5 dB". This overpredic-
tion becomes more pronounced and occurs at higher grazing
angles as the rms slope is further increased as shown in Fig.
9!b". In addition, as the rms slope angle is increased up to
and beyond 45°, scattering levels become high at low back-
scatter grazing angles as well. This overprediction, just be-
coming evident in Fig. 9!b", also becomes greater and occurs
at higher grazing angles as the rms slope is further increased.

A similar study was done for a fixed kl of 12.0 and an
incident angle of 45°; the results show the SSA!4" scattering
strength becomes inaccurate at a smaller rms surface slope
for this higher-frequency case.

One way of observing the decrease in accuracy of the
SSA with increasing slope is to compare the third- and
fourth-order results. When % (2), % (3), and % (4) are coinci-
dent as in Fig. 4 the terms %01 and %11 make negligible
contributions to the cross section, and the first three orders of
the SSA are all found to be accurate. When the difference
between % (3) and % (4) is small, %11 makes a negligible con-
tribution to the scattering strength and the third- and fourth-
order results are found to be accurate. When the difference
between % (3) and % (4) becomes significant, the fourth-order
result may no longer be accurate. To determine how large
this difference must be, we examined 9SS
" 10 log10#% (4)/% (3)$ for the cases given in Figs. 5 and 9 as
well as for other cases. We found that for a fixed kl and
increasing kh , that is, for increasing slopes, 9SS shows the
largest increase near grazing in both the forward- and
backward-scattering directions. This is consistent with our
discussion in the preceding paragraph. Furthermore, larger
values of kl have larger values of 9SS in the backward-
scattering direction relative to the forward-scattering direc-
tion for the same values of slope. Unfortunately, the relation-

FIG. 8. Comparison of the SSA!4", GO, GO with shadowing, and IE scat-
tering strengths for kh"9, kl"45, 5"15.8°, and 3 i"45°. Note that the
SSA!4" result is more accurate in the forward-scattering region than the
shadowed geometrical optics result.

FIG. 9. The effect of increasing the slope by changing kh for a fixed kl and
fixed incident angle, where kl"2.83 and 3 i"45°, !a" kh"1.33, 5
" 33.6°, and !b" kh"2.0, 5"45.0°. Also, compare the result in Fig. 5
(kh"0.67, 5"18.5°). As the rms slope is increased beyond 30°, the
SSA!4" scattering strength becomes high in the forward direction. When it is
increased beyond 45°, the SSA!4" scattering strength becomes high in the
low back direction as well.
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ship between 9SS and the accuracy of % (4) cannot be
quantified in a simple manner.

E. Increasing the correlation length for a fixed rms
surface height

Next it is of interest to examine what occurs as the cor-
relation length is increased for a fixed rms surface height.
This is equivalent to decreasing the rms slope for a fixed
kh . In Fig. 10!a" and !b" we have chosen kh to be 0.67 and
have used a kl of 4.24 and 6.28, respectively. Figures 5,
10!a", and 10!b" correspond to decreasing rms slope angles
from 18.5° to 8.6° for a fixed kh . The incident angle is 45°.
For kl up to 4.24, there is excellent agreement between the
SSA!4" and exact results. However, beginning at a kl of
about 5 the SSA!4" underpredicts scattering in the back di-
rection. This underprediction is true in Fig. 3 as well, where
kh"1.5 and kl"12. An additional study was done for a
fixed kh of 2.0, an incident angle of 45°, and kl varying
between 4 and 15 !equivalent to rms slope angles between
35.3° and 10.7°" with similar results, that is, as the correla-
tion length is increased, backscatter is underpredicted. The
discrepancy between the SSA and exact results is greater at
smaller backward grazing angles and worsens as the correla-

tion length is increased. In the forward direction the results
become slightly high at forward grazing angles smaller than
5° as kl is increased.

Again we examined 9SS"10 log10#% (4)/% (3)$ , this
time for the cases shown in Figs. 5 and 10 as well as for
other cases. We found that for a fixed kh and increasing
kl , that is, for decreasing slopes, 9SS becomes larger in the
backward-scattering direction, indicating the decrease in ac-
curacy of the fourth-order result and reflecting the impor-
tance of the %11 term in the back direction.

The underprediction of backscatter by the SSA for large
kl and small kh can be explained as follows: The SSA T
matrix is expanded in powers of the surface profile !or its
Fourier transform" and the resulting terms are equated with
those of the standard perturbation series T matrix !Thorsos
and Broschat, 1995". To find T0 , terms up to first order in
the surface profile are retained; to find T1 , terms up to sec-
ond order are retained; and to find T2 , terms up to third order
are retained. In earlier work !Thorsos and Jackson, 1989" it
was shown that for a Gaussian roughness spectrum, lowest-
order perturbation theory becomes inaccurate as the correla-
tion length is increased even when kh(1. In particular, the
perturbation prediction for scattering in the back direction
becomes low. However, in the forward direction the results
are quite accurate, even for very large kl . When the pertur-
bation cross section is computed to fourth order in kh , scat-
tering levels in the back direction are accurately predicted for
larger kl . For the SSA the same behavior occurs for small
kh since the SSA reduces to PT in this region, but interest-
ingly enough, it occurs for larger kh as well. For general
kh the SSA!2" result underpredicts scattering in the back
direction as the correlation length is increased. The results
improve when the third- and fourth-order cross sections are
used, particularly at fourth order which includes two factors
of T1 . Thus, if the SSA were extended to include the T2
term, we would expect our results to improve even further in
the back direction for large correlation lengths.

F. Other angles of incidence

In the previous sections we considered examples with
incident angles of 45°. In this section we briefly discuss other
angles of incidence and present a few examples. For the
cases studied, we noted that when the scattering strength
results are accurate over all angles of scatter for an incident
angle of 45°, in general they are good for incident angles up
to 80°. When the results are low in the backscatter region for
an incident angle of 45°, they are better for 0° incidence and
worse for 80° incidence. These results are illustrated in Figs.
11 and 12. In Fig. 11!a" and !b" the incident angles are 0°
and 80°, respectively, for the same roughness parameters
used in Fig. 5, kh"0.67, kl"2.83, and 5"18.5°. In Fig.
11!b", and later in Fig. 12!b", the coherent component has
been subtracted from the integral equation result !see Thor-
sos, 1990, for details" so the specular peak, which is wider at
lower grazing angles, does not obscure the incoherent com-
ponent. For the results presented in Fig. 11!a" and !b" the
SSA!4" scattering strengths show excellent agreement with
the integral equation results over the entire range of scatter-
ing angles. However, when the correlation length is in-

FIG. 10. The effect of decreasing the slope by changing kl for a fixed kh
and fixed incident angle, where kh"0.67 and 3 i"45°, !a" kl"4.24, 5
" 12.6°, and !b" kl"6.28, 5"8.6°. Also, compare the result in Fig. 5
(kl"2.83, 5"18.5°). As the correlation length is increased beyond about
5, the SSA!4" scattering strength becomes somewhat low in the back direc-
tion.

2623 2623J. Acoust. Soc. Am., Vol. 101, No. 5, Pt. 1, May 1997 S. L. Broschat and E. I. Thorsos: Small slope scattering



creased, the accuracy of the SSA is not as good. For ex-
ample, in Fig. 12!a" and !b" we consider incident angles of 0°
and 80° for the same surface parameters used in Fig. 3, kh
"1.5, kl"12, and 5"10°. For the 0° case, the SSA!4"
clearly performs better than the KA at low scattered grazing
angles. Also, for the 0° incidence case the SSA is accurate
over a larger range of scattering angles than for the 45° in-
cidence case shown in Fig. 3. For the 80° case, the decrease
in accuracy of the SSA is evident in comparison to Fig. 3,
but still the result is better than that of the KA.

G. Behavior at low forward grazing angles

As mentioned several times in earlier sections, the SSA
scattering strength can become somewhat high at low for-
ward grazing angles as the correlation length is increased.
However, because this occurs when the curves are sloping
steeply downward, it is difficult to detect the difference be-
tween them in the plots presented thus far. The region of
inaccuracy occurs at very small grazing angles, and the an-
gular resolution of the exact results decreases with grazing
angle, which also obscures the difference. To highlight the
difference between the integral equation and SSA!4" results,
in Fig. 13 we show part of the forward grazing angle region
for the case shown in Fig. 3. In addition, to reduce the effects
of fluctuations the integral equation result shown is the av-
erage of nine different runs, each using 50 surface realiza-
tions. Error bars provide an estimate for the uncertainty in

the Monte Carlo result for the scattering strength based on all
450 surfaces. This estimate is obtained by dividing the stan-
dard deviation of the nine 50-surface averages by the square
root of nine. In this example, the SSA!4" overpredicts the
forward-scattering strength by 1–1.5 dB in this very low
grazing region. The crossover, which occurs at about 88.6°
in Fig. 13 with the integral equation curve rising above the

FIG. 11. Comparison of the SSA!2", SSA!3", SSA!4", and IE scattering
strengths for the case shown in Fig. 5 but with an incident angle of !a" 0°
and !b" 80°. In !b" the coherent component has been subtracted from the IE
result to facilitate comparisons of the incoherent scatter.

FIG. 12. Comparison of the SSA!4", KA, and IE scattering strengths for the
case shown in Fig. 3 but with an incident angle of !a" 0° and !b" 80°. In !b"
the coherent component has been subtracted from the IE result to facilitate
comparisons of the incoherent scatter.

FIG. 13. The forward grazing region for the case shown in Fig. 3. The IE
result is the average of nine different runs, each using 50 surface realiza-
tions. Error bars provide an estimate for the uncertainty in the Monte Carlo
result for the scattering strength based on all 450 surfaces. This estimate is
obtained by dividing the standard deviation of the nine 50-surface averages
by the square root of nine. The SSA!4" result becomes high at very low
forward grazing angles, exceeding 1 dB at approximately 87°.
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SSA!4" curve as 90° is approached, is due in part !and per-
haps entirely" to the reduced angular resolution of the inte-
gral equation result near 90°. Stated another way, the integral
equation result is found with surfaces of finite length, while
the SSA!4" curve is for infinite length surfaces. Scattering
strengths for these two types of surfaces differ significantly
only within a few degrees of grazing, with the finite surface
lengths yielding higher scattering strengths in this region.
Thus, it is consistent with our results for the SSA!4" to have
a positive error all the way to a scattering angle of 90° !0°
grazing". While the finite angular resolution of the integral
equation result affects the comparison with the SSA!4" at
very low grazing angles, studies with longer surface lengths
which give improved angular resolution indicate that our
comparison correctly shows the scattering angle at which the
error first exceeds 1 dB as 90° is approached. We have ex-
amined this behavior for a large number of cases and find a
1–2 dB overprediction at very low grazing angles to be typi-
cal of the SSA!4".

We find that the behavior of the low grazing angle error
depends on both the correlation length and the rms slope. In
the region when perturbation theory is accurate, the error
does not occur. As the correlation length is increased, the
inaccuracy occurs earlier for steeper slopes. Furthermore, the
inaccuracy begins at higher grazing angles for steeper slopes.
For example, for a slope angle of 25°, the inaccuracy begins
at a scattering angle of about 85.5°; whereas for a slope
angle of 15° it begins at about 87°. We suspect that this low
grazing angle error is caused by nonlocal multiple scattering
that is not adequately treated by the SSA.

III. SUMMARY

Expressions for the second-, third-, and fourth-order
small slope bistatic scattering cross sections have been pre-
sented together with extensive numerical results for scalar
wave scattering from 1-D surfaces with Gaussian statistics
and a Gaussian roughness spectrum. These results were com-
pared with exact numerical results as well as with the results
of other approximate techniques.

The initial appeal of the SSA was its formulation as a
systematic series, its reduction to perturbation theory which
is inherent in the derivation, and its reduction to the Kirch-
hoff approximation under appropriate conditions when the
T matrix is found to second order in slope. Also, the theory
is manifestly reciprocal at each order and, at low orders, the
formally averaged expressions for the scattering cross sec-
tion are numerically tractable. In this numerical study we
have shown that the appeal of the SSA extends further. The
fourth-order SSA cross section is remarkably accurate for
surfaces with rms slope angles up to about 30°. Even with an
rms surface slope angle of 45°, the fourth-order result is
accurate over a wide range of scattering angles. As the sur-
face correlation length is increased, the SSA results become
low in the back direction and slightly high at forward grazing
angles less than 5°. Finally, although the fourth-order SSA

cross section analytically reduces to the geometrical optics
result in the high-frequency limit, we found in our numerical
studies that the reduction is nonuniform in the scattering
angle and, at low forward grazing angles, occurs very slowly.
Comparison with exact results shows that the SSA gives bet-
ter results than geometrical optics with shadowing in this
region.

Because the SSA reduces to low-order perturbation
theory when the latter is accurate and to the Kirchhoff ap-
proximation in the specular region, we expect it might be
good for multiscale surfaces. In fact, preliminary results
show that for a Pierson–Moskowitz spectrum the SSA gives
accurate results even in the back direction !Broschat and
Thorsos, 1995". This is the subject of further study.
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