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Abstract—This paper presents an approach to implement a
high-performance 8-tap digital FIR (Finite Impulse Response)
filter using the Logarithmic Number System. In the past, FIR
filters were implemented by a conventional number system; their
speed was limited because of the multiply-accumulate operations.
We realize a fast FIR filter by utilizing the Logarithmic Number
System, which allows a simple implementation of multiplication
using a fixed-point adder. And the serious demerit of Logarith-
mic Number System’s algorithm, conversions to and from the
conventional number representations, is effectively overcome by
pipelining to reduce the delay and complexity of the filter. The
critical path was reduced from a multiply-accumulate operation
to an add operation. Our FIR filter can operate at 1.3 GHz under
the condition of 1.2V power supply using the SMIC 0.13 um
CMOS technology, and requires 27% less area than the original
FIR filter.

I. INTRODUCTION

Finite impulse response (FIR) filters are important building
blocks for various digital signal processing (DSP) applications.
Recently, because of the increasing demand for video-signal
processing and transmission, high-speed and high-order FIR
filters have frequently been used to perform adaptive pulse
shaping and signal equalization on the received data in real-
time, e.g., ghost cancellation [1], [2], source coding, equalizer,
Partial-Response Maximum Likelihood (PRML), and channel
equalization [3]. Signal processing algorithms often require a
substantial amount of floating-point (or fixed-point) computa-
tions to be performed at real-time or near real-time speeds.
Hence, an efficient VLSI architecture for a high-speed FIR
filter is crucial. A FIR filter is composed of multipliers and
adders, and their performance adders determines the speed of
FIR filter.

In the past, the conventional number system was typically
used, and thus the speed could not reach 100 MHz for 10-bit
input [2], [4], [S]. The speed was limited mainly by the delay
in multipliers and adders. An effective solution is to exploit
the unique feature of the Logarithmic Number System (LNS),
which can convert multiplications into additions [6]. In such a
solution, it would be critical to have an efficient implementa-
tion of an adder and the conversion between the conventional
number system (CNS) and the Logarithmic Number System
(LNS).

In this paper, we propose a novel FIR filter based on the
Logarithmic Number System to achieve high performance. The

architecture is designed and optimized to take full advantage
of LNS in the CMOS technology. In order to reduce the
complexity of the filter further, different types of adders are
implemented in different stages of the pipeline.

The rest of the paper is organized as follows. Section II in-
troduces the LNS describes the details of conversions between
CNS and LNS architectures. Section III presents the complete
pipeline of the proposed filter, and Section IV describes the
adders. Section V discusses the design, simulation, and fabri-
cation of the proposed architecture, and Section VI concludes
the paper.

II. CONVERSIONS FOR LOGARITHMIC NUMBER SYSTEM
A. Logarithmic Number System

The logarithmic number system is an attractive alternative
to conventional number systems when data need to be manip-
ulated at a very high rate over a wide data range. However,
the major problem in LNS is deriving logarithms and antiloga-
rithms quickly and accurately enough to allow fast conversions
to and from the conventional number representations. The LNS
number A has a value of

A= (—1)54.2Ba (1)

where S, is the sign bit and E4 is a fixed point number.
The sign bit signifies the sign of the whole number. E4
is a 2’s complement fixed-point number, where a negative
number represents —1 < A < 1. In this way, LNS numbers
can represent both very large and very small numbers. A
logarithmic number is stored in the format shown in Fig. 1.
Since there are no obvious choices for special values to
signify exceptions and also zero cannot be represented in LNS,
we use flag bits to code for zero, 00, and NaN in a similar
manner as Detrey [7]. Although using two flag bits would
increase the storage requirements for logarithmic numbers,
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Fig. 1. Binary format of an LNS number



they give the greatest range available for a given bit width.
Let ULP be the unit of least precision. Then, for £ = 8
and [ = 23, the range is £271%° to 2'28~ULP which are
approximately +1.5 x 10739 to 3.4 x 1038,

CNS (such as the floating-point number system) multiplica-
tion is complex because of the need to multiply the mantissas
and add the exponents. In contrast, multiplication becomes
a simple computation in LNS [8]; the product is computed
by adding the two fixed point logarithmic numbers using the
logarithmic property:

logzy = logx + logy. 2)

Since the logarithmic numbers are 2’s complement fixed-
point numbers, addition is an exact operation unless there is
overflow or underflow events. Overflow events occur when the
two numbers being added sum up to a number too large to be
represented in the word width while underflow results when
the added sum is too small to be represented. The former
results in +o0o and the latter results in zero.

B. Conversion from FP to LNS

Floating-point (FP) is a widely-used and standard (IEEE-
754) number system. Therefore, modules that covert FP num-
bers to logarithmic numbers and vice versa are essential in
our system. The conversion from FP to LNS involves three
steps that can be done in parallel. The first step is checking
whether the FP number is one of the special values, and
setting the two flag bits accordingly. The second step is to
compute the integer portion of the logarithmic number, which
is simply the exponent of the FP minus a bias. The last step,
computing the fraction, involves evaluating a nonlinear func-
tion log, 1.x1x3 ... z,. Using a look-up for this computation
is viable for smaller mantissas but becomes unreasonable for
larger word sizes.

For larger word sizes up to single precision, an approxima-
tion developed by Wan [9] is used. This algorithm reduces the
amount of memory required by factoring the FP mantissa as
follows (for m = 5):

logy l.x129 ... 2y
logs(l.x12a ... 2m)(1.0...0c1C2 . .. C)

= logy l.z122... 2, +10gy 1.0...0c1C2 ... Cm

where .cica...cm = W The result,
logy 1.x122 ... 2y, and logy1.0...0cic2...¢p, can be

stored in a 2™ x n ROM.
In an attempt to avoid a slow division, we do the fol-

lowing: if ¢ = .cica...¢my b = Ty 1Tmy2 ... Tam, and
a = .T1Ty...T;,m, then ¢ = ?ba This can be rewritten as
follows:
b
C ==
1+a
_1+b 1
" 14a 1+4a

_ 210g2(1+b)—10g2(1+a) _ 2—10g2(1+a)

where log,(1 + ) and log,(1 + a) can be looked up in the
same ROM as the one for log, 1.x1x3 .. . Z,,. All that remains
is calculating 2. When 0 < z < 1, this can be approximated
as

27~ 1 —log[l + (1 —2)] +2712 42713, 3)

Note that log[1+ (1 —z)] can also be evaluated using the same
ROM as above. To reduce an error in the approximation, the
difference,

Az=2"—(1—log[l+ (1—2)]+2 242713, @

can be stored in another ROM. This ROM only has to be
2™ bits deep and less than m bits wide because Az is small.
This algorithm reduces the lookup table size from 2" X n to
2™ x (m 4+ 5n) (m from the ROM for Az and 5n from the
ROMs for 4log, 1.x122 ... Ty, and logy 1.0...0c1ca ... Cp).
For single precision (23-bit fraction), this reduces the memory
from 192MB to 32KB. The memory requirement can be
reduced further if the memories are time-multiplexed or dual-
ported. In order to reduce the error caused by conversions, the
output of the conversion circuit is designed 4-bits wider than
the input in our FIR filter.

C. Conversion from LNS to FP

In order to convert from LNS to FP, we create an efficient
converter via simple transformations. The conversion involves
three steps. First, the exception flags must be checked and
possibly translated into the FP exceptions. Second, the integer
portion of the logarithmic number becomes the exponent of
the FP number. A bias must be added for conversion, because
the logarithmic integer is stored in 2’s complement format.
And finally, the logarithmic fraction is converted into the FP
maitissa.

The last step involves evaluating a non-linear function
2", Since the logarithmic fraction is in the range [0,1), the
conversion will be in the range [1,2), which maps directly
to the mantissa without any need to change the exponent.
Typically, this is done in a look-up table. For a reasonable
word sizes, however, the amount of memory required would
become prohibitive. To reduce the memory requirement, we
used the property:

grtutzs — 97 . 9v. 97 (5)

The fraction of a logarithmic number is broken up into &
numbers in the following manner:

Tire. . T = X1T2 ... fL’n/kylyg . yn/kzlzg e Zn/k e

(6)
The values of 2:%1%2-%n/k  2:00.-¥1Y2-Un/k etc. are stored in
k ROMs of size 2"/* x n. With this scheme, the memory
requirement is % - (2"/% x n) instead of 2" x n. The memory
saving comes at the cost of (k — 1) multiplications. The value
of k is selected to minimize the area usage for each word size,
and we use k£ = 4 in out FIR filter.



S Adders..and.D.FFs.par.t .....

X:input  h(0)~h(3): coefficient  Y: output

Fig. 2. Conventional FIR filter architecture
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III. THE PIPELINED FIR

We design an 8-tap filter with 16-bit input/output and
a 16-bit coefficient (h(0)-h(3)). The conventional pipeline
is presented in Fig. 2. This architecture has been widely
adopted for the fast filter architecture because of its pipeline
characteristic [10].

The proposed filter architecture is shown in Fig. 3. In our
implementation of the architecture using Logarithmic Number
System, FP-to-LNS and LNS-to-FP conversions’ delays are
effectively overcome by hiding them in the pipeline stages.
Therefore, only the delay in an adder determines the pipeline
clock frequency. The conversions may introduce latency by
two clocks but will not cause significant performance degra-
dation. Four kinds of specially-designed adders are marked
with @, @, @, and @ in Fig. 3.

IV. ADDERS USED IN THE PROPOSED FIR

A. Conventional Carry Select Adder

Adders are critical components in the proposed FIR. Among
various adders, we select the carry-select adder (CSA) because
of its speed and area usage. It is used to calculate the sum

Fig. 4. Conventional CSA using dual RCAs
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Fig. 5. Carry-select adder using add-one circuit

of logarithmic number and the coefficient. A CSA of a very
large size can be constructed hierarchically by combining
smaller “block” adders [11]. Fig. 4 shows the conventional
CSA consisting of two ripple-carry adders (RCAs) in each
block (except Block;), one for Cj, = 0 and the other for
Cin = 1, where Cj, is an input from the lower block. A lot of
work has been done to reduce the large area of CSA without
significant speed penalty [12]-[14]. In this paper, instead of
using dual RCAs, we propose a high performance carry-select
adder by replacing one RCA with a fast add-one circuit.

Suppose that the result for C;, = 0 is known to be S°.
Then, the result for C;,, = 1 (S') can be obtained by adding
one to S°. Thus, an add-one circuit can replace the ripple-carry
adder for Cj, = 1 to reduce the area in a block. To design
an efficient add-one circuit, the circuit to find the first zero is
used in the implement scheme [15]. Adding one to the result
for Ci, = 0 (SY) is conducted as follows. Assume that S, the
kth bit from the LSB (least significant bit) in S°, is the first
zero from the LSB. Then S! is obtained by inverting each bit
of S starting from the LSB to SY inclusively, and leaving the
other bits unchanged. The 4-bit add-one circuit architecture is
showed in the Fig. 5.

B. Proposed Carry Select Adder

The carry-chain between blocks is the critical path in a
CSA; it includes the delay of multiplexers and the wire delay.
In addition, in every block, compared with the original CSA
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Fig. 6. Proposed CSA with fast all-one finding circuit

structure, the circuit used to determine the Cy,; when C;,, = 1
increases the delay of the critical path. Fig. 6 shows a new
add-one circuit that eliminates this delay and further reduce
the area.

According to the aforementioned scheme, Sy, the kth bit of
the sum, is either S,? orS ,1 (Sg or inverted S,g), and thus Sj, can
be chosen between S} and inverted Sj) through a multiplexer
as shown in Fig. 6. The select signals are as follows:

Sely = Ciy, - D1
5612 = Cin ]TQ (7)
Sely = Cin - p3

and the p signals are generated from the circuit to find the
first zero from LSB, so as to decide whether the S ,i is S,g or
inverted S}.

The carry-out of a block can be chosen between the carry-
out of the RCA and the carry-out of the add-one circuit,
and thus the fast all-one finding scheme depends on two
observations: (i) that the two carry-outs are different if and
only if all sums from the RCA and the C},, are equal to one,
and (ii) that if all sum bits from the RCA in a block are equal
to one, the inputs of FA or HA in the block are different.
So we can use an exclusive-or in the highest bit to determine
whether all sums from the RCA are equal to one. In Fig. 4, if
P4 is 0, the 4-bit sum from the RCA and Cj (the carry of FA5)
should be 1111 and 0, respectively. The delay of p4 is reduced
without extra transistors because the value of exclusive-or is
contained in the FAj3. Furthermore, if ps = 0 or ag - b3 = 1,
Cout should be 1. Therefore, the output of the carry is

Cout =C3+ Cin - (P3+ a3 - b3+ (a3 ® b3) - C2) . (8)

We conducted a SPICE simulation of the 4-bit carry-select
adder of the proposed scheme to verify the design. The delay
of the C\,yy was no longer than the original dual ripple-carry
adders. For bit length n = 64, this new carry-select adder
required approximately 38% fewer transistors and had 16%
shorter delay than the original dual ripple-carry carry-select
adder. The proposed CSA is used in @ and @ in Fig. 3. More
details of this CSA can be found in [16].
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C. Proposed Fast Accumulation Logic

In some stages, the sum results are accumulated for the next
stage. In order to reduce the latency of these adders, we avoid
calculating the final sum in these stages. Such a fast pipelined
accumulation logic is presented in Fig. 7.

The carry-in Cj, is Cyyt from the previous stage. Thus, the
latency of the adder is reduced to that of a one-bit full adder.
Because of this, we can only use one ripple-carry adder (RCA)
in each stage to reduce the power consumption. The proposed
fast accumulation logic is used in @, @, and @ in Fig. 3.
However, this introduces another stage to calculate the carry
propagation, and we need to verify the last two adders to avoid
this. They are shown in Fig. 8.

In Fig. 8(a), the lower bits’ carry propagation is calculated
after the accumulate logic, and the bits we choose are based
on the principle that this stage will not become the critical
path. In Fig. 8(b), the proposed CSA adder is used in the last
stage. The other higher bits’ carry propagation is calculated
before the finial sum, and this will not introduce any more
latency to the adder according to the property of CSA. These
two adders are used in ® and @ respectively in Fig. 3.

V. IMPLEMENTATION AND SIMULATION

We implement the 8-tap pipelined FIR filter according to
the description in the earlier sections. The input/output data
and coefficient are 16 bits wide, but the LNS is designed to
be 20 bits wide to reduce an error caused by conversions. The
simulation shows that the error in the final result is less than
one ULP. TABLE I show data for a 20-bit carry-select adder
with 5 blocks. The delay in the last row is normalized over
the delay caused by a two-input NAND gate.

In the proposed scheme, the number of transistors needed
in each block (except Block;, which is an RCA) with a n-
bit adder is 44n — 8 + 4 - ”;l. The 20-bit in TABLE I has
the delay of 0. 72ns at 1.2V power supply using the SMIC
0.13 pum CMOS technology.
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Fig. 8. Adders used in the last two stages

TABLE I
PROPOSED 20-BIT CARRY-SELECT ADDER WITH 5 BLOCKS

Block number 1 2 3 4 5 Total
Bit length of RCA 2 3 4 5 6 20

# of transistors 42 128 172 220 264 826
Delay 3 5.5 7.5 9.5 11.5 11.5

The final results unavoidably contain errors, because the
exact mathematical result of an arithmetic operation often has
more significant bits than can fit in its destination format.
To deal with this, the result is rounded to fit the format,
by choosing a nearest representable number in that format.
If the result lies precisely halfway between two representable
numbers, the one whose least significant bit is 0 is used. The
all-one finding circuit in Fig. 6 is also used in the rounding
circuit to accelerate the speed.

The last stage of the pipeline is the critical path, where
its delay is 0.76ns, including the 20-bit adder, the rounding
circuit, clock skew and setup time. This means that the FIR
filter can operate at 1.3 GHz without difficulties using the
same CMOS technology. Our filter reduces the critical path
from a multiply-accumulate operation to almost a single adder
operation. Compared to the conventional FIR filter mentioned
in Fig. 2, the proposed FIR filter requires a 26.8% smaller
area under the same conditions.

VI. CONCLUSION

In this paper, the implementation of the high-performance
8-tap FIR filter using the logarithmic number system has been

presented. The main advantage of the logarithmic number
system is that multiplication is implemented by addition of
the logarithms, which is an exact operation (provided no over-
flow occurs). We have designed special-purpose architectures
specifically for an FIR filter by using specialized adders in
different stages, conversion circuits, careful sequencing, and
pipelining. The number of taps does not affect the delay of a
filter, and the critical path is approximately equivalent to the
delay of a single adder. This system can operate at a higher
speed with a smaller area. In the simulation, the FIR filter is
fabricated using the SMIC 0.13 pm CMOS technology, and
operates at 1.3 GHz with 1.2V power supply. Area savings
surpass the overhead incurred by the conversion between the
logarithmic and traditional number systems. This approach can
be easily extended to filters with more taps.
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